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Bound geodesic orbits of black holes are very well understood. Given a Kerr black hole of mass M
and spin S = aM2, it is a simple matter to characterize its orbits as functions of the orbital geometry.
How do the orbits change if the black hole is itself evolving? In this paper, we consider a process
that changes a black hole’s mass and spin, acting such that the spacetime is described by the Kerr
solution at any moment. Provided this change happens slowly, the orbit’s action variables Jr, Jθ,
and Jφ are adiabatic invariants, and thus are constant during this process. By enforcing adiabatic
invariance of the actions, we deduce how an orbit evolves due to changes in the black hole’s mass
and spin. We illustrate our results by examining the inspiral of a small body into a black hole and
accounting for the change to the hole’s mass and spin due to the gravitational radiation absorbed
by the event horizon. We find a correction to the gravitational-wave phase evolution which is so
small that it is essentially negligible. This is consistent with previous literature that finds negligible
impact due to black hole mass and spin evolution, although it corrects the previous method, and
changes the (very small) magnitude of the effect. The impact of mass and spin evolution that we
find should emerge from a self-consistent self-force analysis of a large mass-ratio binary, with the
terms we find here appearing at second order in the self force’s effects.
I. INTRODUCTION AND MOTIVATION
Computing orbits in a gravitational potential V (r) (in
Newtonian theory) or in a spacetime gµν(x) (in general
relativity) is a standard and important problem in me-
chanics. How do these orbits change if the potential or
the spacetime is itself changing with time?
A clear answer exists in a particular limit for the New-
tonian version of this problem. Imagine a gravitational
potential V (r; t) that continually and smoothly evolves
over a time interval ti ≤ t ≤ tf . Suppose that the poten-
tial’s orbits are integrable at each moment in this inter-
val, and suppose further that the evolution is “slow,” in
the sense that the potential’s change is very small over a
single period of one of its orbits:
∂V/∂t
ΩV
 1 , (1.1)
where Ω characterizes the period of the orbits under con-
sideration. Consider the orbit’s action variables:
Jk =
1
2pi
∮
pk dx
k . (1.2)
The index k is a coordinate label; for a generic orbit in
3-dimensional space, we could choose k ∈ [r, θ, φ]. The
integral is taken over the coordinate domain of the orbit.
These variables quantify the phase-space area enclosed by
the orbit. Then, it can be shown that the orbit’s action
variables are adiabatic invariants, and as such remain
fixed in value while the potential changes. In other words,
Jk → Jk as V → V + δV , provided Eq. (1.1) is satisfied.
A proof of adiabatic invariance for action variables can
be found in many dynamics textbooks; particularly con-
cise and clear discussion is given in Binney and Tremaine
[1], Sec. 3.6. Although textbooks such as Binney and
Tremaine typically focus their discussion on orbits in
Newtonian gravity, the proof of adiabatic invariance does
not rely on Newtonian gravity at any point. The proof
relies only on the idea that orbital motion is integrable,
so that it can be regarded as a residing on the surface
of a torus in its phase space. It also requires that the
process which changes the underlying gravitational kine-
matics can be regarded as a canonical map.
Geodesic orbits of Kerr black holes are fully integrable
[2], and it is well known that they can be characterized
by a set of action variables associated with their three co-
ordinate motions. If we imagine a Kerr spacetime which
is slowly evolving, but doing so in such a way that it
evolves from one Kerr spacetime to another, then this
evolution can be described as a canonical map. The proof
of adiabatic invariance then applies to the actions of Kerr
black orbits. If other words, provided the spacetime is
the Kerr solution of general relativity at each moment,
then Jk → Jk as the black hole’s mass and spin evolve
according to M →M + δM , S → S + δS.
The remainder of this paper examines the conse-
quences of this invariance. We begin in Sec. II with a
worked example in Newtonian gravity. This allows us to
illustrate this concept in a simple limit, and to see the
consequences of not accounting for adiabatic invariance
on observationally important quantities. We then turn
to orbits of Kerr black holes, first examining the simple
case of equatorial circular orbits (Sec. III) before turning
to the generic case (Sec. IV). The circular and equatorial
results are sufficiently simple that we can provide closed-
form expressions for how important quantities change as
the black hole’s mass and spin evolve. We cannot present
closed-form results for the generic case, but we describe
the calculation in detail, and give numerical examples il-
lustrating how orbits change due to black hole evolution.
In our concluding discussion, Sec. V, we examine an
aspect of this effect which, in principle, could be observa-
tionally relevant: the effect on gravitational-wave driven
inspiral due to the absorption of energy and angular mo-
mentum by a black hole in a binary system. This effect
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2was examined by Isoyama and Nakano [3] and found to
be virtually negligible. Isoyama and Nakano did not how-
ever correctly account for how the orbit adjusts due to
the black hole’s mass and spin evolution. We find that
correctly accounting for the adiabatic invariance of the
actions increases the phase shift arising from the hori-
zon’s absorption of energy and angular momentum by
roughly an order of magnitude. However, ten times a
nearly infinitesimal small phase shift remains a nearly
infinitesimal phase shift. As such, we completely sup-
port the qualitative conclusion of Isoyama and Nakano’s
examination of horizon absorption effects, even though
we disagree with some of their quantitative details.
Perhaps more importantly, the effects that we find
should also be present in a self-consistent self force anal-
ysis which includes the backreaction of a body upon the
Kerr spacetime. These effects enter at second order in
the system’s mass ratio, and thus should appear in a
second-order self force calculation. Given the challenge
of computing such self force effects, it may be valuable to
have relatively simple-to-compute invariants with which
the self force results can be compared.
II. AN EXAMPLE: ADIABATIC INVARIANCE
IN AN EVOLVING NEWTONIAN POTENTIAL
Consider a test mass orbiting a spherical body. Take
the binary to have reduced mass µ and total mass M .
Take its orbit to have semi-latus rectum p and eccen-
tricity e, so that it oscillates radially from periapsis
rp = p/(1 + e) to apoapsis ra = p/(1− e). Let the orbit
be inclined to the equatorial plane by an angle ι that lies
between 0 and pi radians; the orbit thus oscillates in polar
angle from
θmin = pi/2− ι to θmax = pi/2 + ι (2.1)
for ι ≤ pi/2, and from
θmin = ι− pi/2 to θmax = pi − ι (2.2)
for ι > pi/2. This orbit has energy1
E = −µM
2p
(1− e2) , (2.3)
it has an angular momentum about the z axis
Lz = µ
√
Mp cos ι , (2.4)
and it has an angular momentum normal to the z axis
L⊥ = µ
√
Mp sin ι . (2.5)
1 We work in units such that G = 1 and c = 1.
The orbit’s three action variables are given by
Jφ =
1
2pi
∫ 2pi
0
pφ dφ = µ
√
Mp cos ι , (2.6)
Jθ =
1
pi
∫ θmax
θmin
pθ dθ = µ
√
Mp (1− cos ι) , (2.7)
Jr =
1
pi
∫ ra
rp
pr dr = µ
√
Mp
[
(1− e2)−1/2 − 1
]
.
(2.8)
Notice that Jφ = Lz. This is a generic result, which holds
for any orbit in axisymmetric potentials or spacetimes.
Now imagine that the mass of the gravitating body
increases: M → M + δM . As long as this process is
slow in the sense of Eq. (1.1), then the actions Jφ,θ,r
will be adiabatic invariants: we must have δJφ,θ,r = 0 as
M →M + δM . Enforcing
0 = δJk =
∂Jk
∂M
δM +
∂Jk
∂p
δp+
∂Jk
∂e
δe+
∂Jk
∂ι
δι
(2.9)
for k ∈ [r, θ, φ], we find
δp = −pδM
M
, δe = 0 , δι = 0 . (2.10)
The change to the black hole’s mass causes the orbit to
shrink, doing so in a way that leaves its shape (its eccen-
tricity and inclination) unchanged. It is not surprising
that the orbit’s inclination does not change, since the
variation we consider is spherically symmetric and has
no effect on the orbit’s angular momentum. The orbit’s
energy is changed by this process:
δE =
∂E
∂M
δM +
∂E
∂p
δp+
∂E
∂e
δe
= −µ
p
(1− e2)δM . (2.11)
This is also not surprising, since the system’s evolution
is clearly not a time-independent process.
The observationally significant effect arising from the
change to M will be a change to the orbit’s frequency
Ω. This frequency is given by Kepler’s third law, which
when expressed in terms of p and e takes the form
Ω =
√
M(1− e2)3
p3
. (2.12)
Allowing the mass to change and enforcing adiabatic in-
variance, we find
δΩ =
∂Ω
∂M
δM +
∂Ω
∂p
δp+
∂Ω
∂e
δe
= 2Ω
δM
M
. (2.13)
3Note that if we only adjusted the mass and left out the
change in the orbit that comes from enforcing adiabatic
invariance, we would get a smaller result:
δΩwrong ≡ ∂Ω
∂M
δM =
1
2
Ω
δM
M
=
1
4
δΩ . (2.14)
This illustrates that correctly incorporating the effects of
adiabatic invariance can in principle have an important
impact on observationally significant quantities.
III. CIRCULAR AND EQUATORIAL ORBITS
OF AN EVOLVING BLACK HOLE
We now apply adiabatic invariance to the action vari-
ables that characterize black hole orbits. We begin with
the simple case of circular and equatorial orbits, i.e., or-
bits whose radius r is fixed, and which lie in the plane
normal to the black hole’s spin axis, θ = pi/2. Such orbits
are amply discussed in Ref. [4]. We refer the reader to
that reference for derivation and details of the results we
use below.
For circular and equatorial orbits of Kerr black holes,
the action variables are given by
Jφ = Lz = ±µrv 1∓ 2av
3 + a2v4√
1− 3v2 ± 2av3 , (3.1)
Jr = Jθ = 0 . (3.2)
Here, µ is the mass of the orbiting body, a = S/M2
is the dimensionless spin parameter of the black hole,
and v =
√
M/r, where r is orbital radius. The spin
parameter lies in the range 0 ≤ a ≤ 1. The upper signs
in Eq. (3.1) and in all equations which follow describes
prograde orbits, with angular momentum parallel to the
hole’s spin; the lower sign describes retrograde orbits.
These orbits have frequency
Ω = ± M
1/2
r3/2 ± aM3/2 = ±
v3
M(1± av3) . (3.3)
This is the frequency conjugate to the Boyer-Lindquist
coordinate time, and thus describes the frequency of the
orbit as measured by the clocks of distant observers.
Consider a process that takes M → M + δM , S →
S + δS. Using
δv =
v
2
(
δM
M
− δr
r
)
, (3.4)
δa = a
(
δS
aM2
− 2δM
M
)
, (3.5)
it is straightforward to show that Jφ → Jφ implies
δr
r
= −1± 3av
3(1− 2v2)− a2v4(3− 10v2)∓ 5a3v7
(1± av3)(1− 6v2 ± 8av3 − 3a2v4)
δM
M
±6v
3(1− 2v2)∓ 4av4(1− 4v2)− 6a2v7
(1± av3)(1− 6v2 ± 8av3 − 3a2v4)
δS
M2
. (3.6)
This simplifies significantly in the Schwarzschild limit:
δr
r
→ − 1
1− 6v2
δM
M
± 6v
3(1− 2v2)
1− 6v2
δS
M2
(3.7)
as a → 0. The term in δM is consistent with the New-
tonian result (2.10), although note the singularity at the
innermost stable circular orbit, r = 6M . This reflects
the fact that in the strong field of a black hole, a slight
change to the spacetime may have a large effect on an
orbit that is close to the last stable orbit.
How does adiabatic invariance affect the orbital fre-
quency? Evaluating
δΩ =
∂Ω
∂M
δM +
∂Ω
∂S
δS +
∂Ω
∂r
δr , (3.8)
with δr given by Eq. (3.6), we find
δΩ
Ω
=
2− 3v2 ± 2av3(5− 9v2)− 2a2v4(3− 14v2 + 3v4)∓ 4a3v7(3− 2v2)− 3a4v10
(1± av3)2(1− 6v2 ± 8av3 − 3a2v4)
δM
M
±2v
3(5− 12v2)∓ av4(6− 33v2 + 6v4)− 4a2v7(3− 2v2)∓ 3a3v10)
(1± av3)2(1− 6v2 ± 8av3 − 3a2v4)
δS
M2
. (3.9)
For later use, it will be convenient to write this
δ ln Ω = µln Ω
δM
M
+ σln Ω
δS
M2
, (3.10)
where the definitions of µln Ω and σln Ω can be read out
of Eq. (3.9).
It is worth contrasting Eq. (3.9) with the result that
we find if we neglect adiabatic invariance:
δΩwrong
Ω
=
1
Ω
(
∂Ω
∂M
δM +
∂Ω
∂S
δS
)
=
(1± 2av3)
2(1± av3)
δM
M
∓ v
3
1± av3
δS
M2
. (3.11)
4As we will discuss in Sec. V, the integrated effect of using
Eq. (3.9) can differ from the integrated effect of Eq. (3.11)
by more than an order of magnitude.
IV. GENERIC ORBITS OF AN EVOLVING
BLACK HOLE
Turn now to orbits that are eccentric and inclined, the
equivalent for black hole orbits of the generic Newtonian
orbits described in Sec. II. Three parameters describe the
geometry of such orbits; we use the same set (p, e, ι) that
we used in Sec. II. Outstanding discussion of such orbits
can be found in Ref. [5]. In particular, Ref. [5] describes
how to compute the constants of the motion E, Lz, and
Q given (p, e, ι). Once those quantities are in hand, it is
straightforward to compute the orbit’s action variables
Jr,θ,φ. Formulas for computing the actions are given in
Appendix A.
As in Sec. III, we imagine a process that changes a
black hole’s mass and spin, taking M →M+δM , S →
S+ δS. The orbit’s geometry evolves in response, taking
p→ p+ δp , e→ e+ δe , ι→ ι+ δι , (4.1)
and doing so in such a way that the actions remain fixed:
∂Ji
∂M
δM +
∂Ji
∂S
δS +
∂Ji
∂p
δp+
∂Ji
∂e
δe+
∂Ji
∂ι
δι = 0 (4.2)
for i ∈ [r, θ, φ].
Let us write Eq. (4.2) as a matrix equation: we put
J · δO = −δH , (4.3)
where J is the matrix of action variable derivatives,
J =
∂Jr/∂p ∂Jr/∂e ∂Jr/∂ι∂Jθ/∂p ∂Jθ/∂e ∂Jθ/∂ι
∂Jφ/∂p ∂Jφ/∂e ∂Jφ/∂ι
 , (4.4)
the vector δO represents the changes to the orbit’s geom-
etry,
δO =
δpδe
δι
 , (4.5)
and the vector δH represents the changes in the actions
due to variations in the black hole’s properties,
δH =
(∂Jr/∂M)δM + (∂Jr/∂S)δS(∂Jθ/∂M)δM + (∂Jθ/∂S)δS
(∂Jφ/∂M)δM + (∂Jφ/∂S)δS
 . (4.6)
The action variable derivatives can all be computed by
simple quadratures; see Appendix A for discussion and
relevant formulas. With J and δH computed, we then
have
δO = −J−1 · δH . (4.7)
FIG. 1. Trends for changes in orbit parameters p, e, and
ι for a sequence of orbits. All orbits in the sequence have
a = 0.9, e = 0.7, ι = 30◦; p ranges from just outside the last
stable orbit (LSO) to 10M beyond the LSO. The coefficient
µx describes how these parameters change given an increment
to the black hole’s mass δM , and is plotted in solid red. The
coefficient σx describes these changes given an increment to
the black hole’s spin δS, and is plotted in dashed blue. See Eq.
(4.8) for precise definitions of these coefficients. Top panel is
for changes to p, middle for e, and bottom is for ι. As in the
prograde circular equatorial limit [Eq. (3.6)], the spin term
enters into the change of p with the opposite sign to the mass
term. This is expected for orbits with ι ≤ 90◦. The change to
the inclination angle (measured in radians) is quite minute.
The examples shown here actually exhibit the largest change
in ι of all the cases that we consider.
Given orbit parameters, it is straightforward to numeri-
cally solve Eq. (4.7). The solutions we find take the form
δx = µx
δM
M
+ σx
δS
M2
, (4.8)
for x ∈ (ln p, e, ι). (We use ln p since the solutions we find
are best expressed using δ ln p = δp/p.) Representative
examples of µln p,e,ι and σln p,e,ι are shown in Figs. 1 – 3.
A summary of the general trends we find is:
• For the change in p, we find the coefficient of the
mass term, µln p, to be of order unity away from the
last stable orbit (LSO), but diverges as the LSO is
approached. The spin term σln p is of order 0.1−0.2
at large p, also diverging near the LSO. The spin
term is positive if the orbit is prograde (Lz > 0,
ι ≤ 90◦), and is negative otherwise.
• We find that the mass term µe tends to make or-
bits more eccentric. The spin term σe decreases
5FIG. 2. Same as Fig. 1, but now for a sequence of orbits
whose inclination angle is ι = 150◦. The trends noted in the
caption to Fig. 1 are reflected here as well. In particular, we
find that the spin term and mass term affect p with the same
sign, consistent with the retrograde limit of Eq. (3.6), as we
expect for orbits with ι > 90◦.
FIG. 3. Same as Fig. 1, but now for a sequence of orbits
about a black hole with a = 0.1. The behavior of changes to
p and e is similar to that seen for the high-spin sequence. Most
noteworthy here is that the change to the orbit’s inclination is
even smaller in this case, consistent with the nearly spherical
nature of the spacetime for such a slowly spinning black hole.
eccentricity for prograde orbits, and increases it for
retrograde, with both terms also diverging at the
LSO.
• The change in the inclination angle is minute. For
orbits of Schwarzschild black holes, δι vanishes en-
tirely (in keeping with the spherical nature of the
spacetime). Even for rapid spin, the magnitude of
the change tends to be rather paltry.
V. DISCUSSION
We have shown that if a black hole slowly evolves,
changing from a Kerr solution with mass M and spin
S to another Kerr solution with mass M + δM and spin
S+ δS, then adiabatic invariance demands that orbits of
that black hole will change in order for the orbits’ action
variables to remain constant. At least in principle, this
could have observational consequences, since the change
to the orbit affects characteristics like orbital frequencies.
We have seen from some simple examples that neglecting
the change to the orbit that is due to adiabatic invariance
can underestimate how orbital frequencies change due to
the hole’s mass and spin evolution.
Is this effect important in practice? To test this, let us
apply this idea to an extreme mass-ratio inspiral. During
such an inspiral, gravitational radiation carries away en-
ergy and angular momentum from the orbit. Most of this
energy and angular momentum is carried to very distant
observers, but some of it is absorbed by the black hole.
This changes the hole’s mass and spin2.
To estimate the impact of this effect, consider the limit
of circular and equatorial inspiral. For such a case, the
angular momentum and energy carried by the radiation
are simply related. Each can be split into a contribu-
tion that radiates to infinity, and a contribution that is
absorbed by the horizon:
E˙∞,H = Ω L˙∞,Hz . (5.1)
Recall that the orbit frequency Ω is given by Eq. (3.3).
Reference [7] provides high-order analytic fits for E˙∞,H;
the terms that we use are given in Appendix B.
Using Eq. (3.10), the rate at which the orbital fre-
quency shifts due to the change in the hole’s mass and
spin is
dδΩ
dt
= Ω
(
µln Ω
M
dM
dt
+
σln Ω
M2
dS
dt
)
. (5.2)
The rate at which the hole’s mass and spin change is
governed by the down-horizon flux:
dM
dt
= −E˙H , dS
dt
= − 1
Ω
E˙H . (5.3)
2 Equivalently, one may say that the horizon of the hole is tidally
coupled to the inspiraling body, and that the change in the hole’s
mass and spin comes from this tidal coupling to the orbit. See
the introduction to Ref. [6] for discussion.
6The minus signs in these expressions enforce global con-
servation: the mass of the black hole increases due to the
loss of energy from the orbit, and likewise for the spin of
the black hole.
Putting all of these expressions together and integrat-
ing, the total frequency shift which accumulates over a
time interval tS to tF is
∆Ω =
∫ tF
tS
dδΩ
dt
dt
= −
∫ tF
tS
ΩE˙H
(
µln Ω
M
+
1
Ω
σln Ω
M2
)
dt . (5.4)
Using
dt =
dr
dr/dt
=
(
dEorb/dr
E˙∞ + E˙H
)
dr , (5.5)
it is useful to change this to an integral over radius:
∆Ω(r) =
−
∫ r
rs
E˙HΩ
(
µln Ω
M
+
1
Ω
σln Ω
M2
)(
dEorb/dr
E˙∞ + E˙H
)
dr′ .
(5.6)
This expression tells us the orbital frequency shift that
arises due to the black hole’s absorption of energy and
angular momentum from a small body that inspirals from
some starting radius rS to r. The energy of a circular
equatorial orbit that we use here is given by [4]
Eorb = µ
(
1− 2v2 ± av3)√
1− 3v2 + 2av3 , (5.7)
with v ≡√M/r.
With the frequency shift in hand, it is simple to inte-
grate once more to compute the phase shift. We define
this shift to be that which accumulates over the inspiral
from rS to the innermost stable circular orbit, rISCO:
∆Φ =
∫ rISCO
rs
∆Ω(r′)
(
dEorb/dr
E˙∞ + E˙H
)
dr′ . (5.8)
It’s worth noting that ∆Φ is independent of mass ratio,
provided that the mass ratio is large enough that inspiral
can be accurately approximated as a sequence of Kerr
geodesic orbits. To see this, note that Ω ∼ 1/M , E˙ ∼
(µ/M)2, dEorb/dr ∼ (µ/M) (where here the symbol ∼
means “scales with µ and M as”). We integrate over an
interval ∆r ∼M . Then,
∆Ω ∼
(
1
M
)(
µ2
M2
)(
1
M
)(
µ/M
µ2/M2
)
×M
∼ µ
M2
, (5.9)
and so
∆Φ ∼ µ
M2
(
µ/M
µ2/M2
)
×M
∼ 1 . (5.10)
FIG. 4. The phase shift ∆Φ that accumulates during a pro-
grade circular, equatorial inspiral from r = 10M to the in-
nermost stable circular orbit, plotted versus black hole spin
a. The red solid curve shows the phase shift we find us-
ing Eq. (3.9), which correctly takes into account the change
to the orbit that comes from enforcing adiabatic invariance;
the dashed blue curve shows the phase shift we find using
Eq. (3.11), which neglects this change. Although both phase
shifts are extremely small, the curve which accounts for adi-
abatic invariance is larger by a factor of 10 – 20 across all
spin.
The phase shifts that we compute thus hold for all large
mass ratios.
Figure 4 shows the shift that we find. The solid red
curve shows the phase shift taking into account the adi-
abatic invariance of the actions [i.e., using Eq. (3.9)]; the
dashed blue curve shows the phase shift we find neglect-
ing this change, only accounting for the secular evolution
of the hole’s mass and spin [i.e., using Eq. (3.11)]. As
expected, the phase shift is quite small: across all the
spins that we have examined, it is of order milliradians
at most. This is consistent with the discussion in Ref.
[3], which finds that including the secular evolution of
black hole mass and spin has a puny effect on measure-
ment templates. It is worth noting that not accounting
for adiabatic invariance leads to an underestimate of the
shift by a factor of 10–20.
The roughly milliradian level phase shift we find is un-
likely to be of observational significance. A rough rule
of thumb suggests that a template phase accuracy of “a
fraction of a radian divided by the signal to noise ratio”
is needed to insure that systematic errors (due to mis-
modeling, for example) are smaller than statistical errors
(due to noise) (see, e.g., Ref. [8]). Except for sources
of very large signal-to-noise ratio, this milliradian-level
7effect is unlikely to reach this threshold.
Perhaps much more importantly, the effect we discuss
in this paper should exist in an appropriately averaged
second-order self-force analysis. The shift to the space-
time (δM, δS) and the shift to the orbit (δp, δe, δι) can
be recast as a shift to the orbit integrals (δE, δQ). (Note
that δLz = 0, since Lz ≡ Jφ is itself an adiabatic invari-
ant.) Having a simple way to compute this second-order
effect may be a useful check when it becomes possible
(hopefully soon) to apply the second-order self force to
astrophysically important extreme mass-ratio systems.
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Appendix A: Computing Kerr orbit action variables
and their derivatives
To compute the actions Jr,θ,φ for Kerr black hole orbits
and the derivatives of the actions which are used in Sec.
IV, we use the following computational recipe. First,
select the orbit’s geometrical parameters p, e, ι. These
parameters allow us to remap the radial motion to an
anomaly angle ψ, and to remap the polar motion to an
anomaly angle χ:
r =
p
1 + e cosψ
, (A1)
cos θ = sin ι cosχ . (A2)
The angle ψ accumulates secularly as r oscillates from
rmin = p/(1 + e) to rmax = p/(1− e) and back; likewise,
χ accumulates secularly as θ oscillates from θmin to θmax
and back. Neither ψ nor χ exhibits pathologies associ-
ated with turning points in the motion (points when the
coordinate velocity passes through zero and reverses).
Using formulas in Ref. [5], we next compute the orbit’s
conserved integrals E, Lz, and Q. Note that Schmidt
uses the parameter θmin rather than ι. Since the defini-
tions (2.1) and (2.2) apply to the Kerr black hole case,
it is simple to convert (noting that ι ≤ pi/2 describes
Lz positive, and ι > pi/2 is for Lz negative). It is then
straightforward to evaluate the action integrals:
Jr ≡ 1
2pi
∮
pr dr =
1
pi
∫ rmax
rmin
√
R
∆
dr
=
1
pi
∫ pi
0
√
R
∆
dr
dψ
dψ , (A3)
Jθ ≡ 1
2pi
∮
pθ dθ =
1
pi
∫ θmax
θmin
√
Θ dθ
= − 1
pi
∫ pi
0
√
Θ
1− cos2 θ
d cos θ
dχ
dχ , (A4)
Jφ ≡ 1
2pi
∮
pφ dφ
= Lz . (A5)
In these equations, the functions ∆ and R are functions
only of the coordinate r,
R =
[
E(r2 + a2M2)− aMLz
]2
−∆ [r2 + (Lz − aME)2 +Q] , (A6)
∆ = r2 − 2Mr + a2M2 , (A7)
and Θ is a function only of the coordinate θ,
Θ = Q− cos2 θ a2M2(µ2 − E2) + cot2 θ L2z . (A8)
Thanks to our use of a = S/M2, extra factors of M may
seem to be in these equations compared to their appear-
ance in other literature. This form is particularly useful
for computing derivatives of the actions with respect to
S and M .
Using Eqs. (A3)–(A5), it is a straightforward exercise
to compute derivatives of the actions with respect to any
of p, e, ι, M , and S. A Mathematica notebook which
performs these calculations is freely available to any in-
terested reader.
Appendix B: Flux of radiation for circular,
equatorial inspiral
We use the following analytic expansions for the fluxes
of energy carried by gravitational waves from circular and
equatorial orbits of Kerr black holes. Note that many
additional terms in these expansions are known (see, for
example, Ref. [7] for a recent summary and discussion);
the truncated expressions given below are sufficient for
the present analysis.
To begin, define x ≡ (MΩ)1/3. The flux to infinity is
then given by
E˙∞ = −32
5
( µ
M
)2
x10 ×(
1 + I2x
2 + I3x
3 + I4x
4 + I5x
5
)
, (B1)
8where
I2 = −1247
336
, (B2)
I3 = 4pi − 11a
4
, (B3)
I4 = −44711
9072
+
33a2
16
, (B4)
I5 = −8191pi
672
− 59a
16
. (B5)
The flux down the event horizon is given by
E˙H = −32
5
( µ
M
)2
x15 ×(
H0 +H2x
2 +H3x
3 +H4x
4 +H5x
5
)
, (B6)
where
H0 = −a
4
− 3a
3
4
, (B7)
H2 = −a− 33a
3
16
, (B8)
H3 =
1 + κ
2
+ a
[
2B2(1 + 6a
2) +
13a
2
κ
+
35a
6
− a
3
4
+ 3κa3
]
, (B9)
H4 = −a
(
43
7
− 17a
56
− 4651a
2
336
)
, (B10)
H5 = 2(1 + κ) + a
[
B1
(
1− 3a
2
4
)
+ 6B2(1 + 3a
2)
+
433a
24
+
163κa
8
− 95a
3
24
+
33κa3
4
]
. (B11)
In these expressions,
κ =
√
1− a2 , (B12)
Bn =
1
2i
[
ψ
(
3 +
nia
κ
)
− ψ
(
3− nia
κ
)]
, (B13)
where ψ(z) is the polygamma function.
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